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Definitions

Inner product: given a vector space H defined over R, we define an inner
product to be a function (-,)¢ : H X H — R if the following conditions hold:
1 (a1fi + azf2, ) = aalf1, 9 e + a2{f2, 93¢
2. Af, 935 =49, n
3 Af,f)er=0and(f,f)y =0iff f =0

Inner product space: a vector space that is equipped with an inner product.

Hilbert space: a complete inner product space. Complete means every Cauchy
sequence converges to a limit that is also contained in the space.

Kernel: given a non-empty set X', we define a kernel as a functionk : X X X —
R if there exists a Hilbert space H and a map ¢: X = H such that Vx,x € X,

k(x,x") = (p(x), p(x"))



Definitions (Cont.)

* Positive Definite: if vn > 1, V(a, ..., a,,) € R*, V(xq,...,x,) € X",
then the symmetric function k : X’ X X — R is positive definite if it
satisfied the following:

M:

z a; a]k(xl,x]) >0

J=1
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L

» Note that we can easily show that an inner product is positive definite.



Key Mathematical Properties

* If H is a Hilbert space, X is a non-empty set, and ¢ : X —» H, then
k(x,y) is a p.d. function:

>0

ii“ ajk(xp ;) = ii (ai¢(x), a;¢(x7)),, = <z a;$(x;), Zajfl)(x >

i=1 ]:1 i=1 ]=1 =1 -

Zn: i (x;)
i=1

 If k(x,y) is a p.d. kernel, then there exists a feature space ¢ : X —
H s.t. the kernel is a dot product between features (Moore—
Aronszajn).



Key Mathematical Properties (Cont.)

* Dealing with infinite dimensions

* The £, space is the space of all sequences that are square summable. Given
a = (a;)iz1 in €y

(0.0)

lal?, = ) a? <o

i=1
* Given (gbl-(x))l_>1 in £, where ¢; : X — R s the ith coordinate of ¢(x), then
we can use Cauchy-Schwarz to show:

kG2 = $i@ei G| < 1@, G le, < o0
=1




Kernel Construction

* Examples of kernels:

e Linear: k(x,z) = x'z
(x—2)*

* RBF: k(x,z) =e o
* Polynomial: k(x,z) = (1 + xTz)d

* Kernel composition?

e k(x,z) =x"z e k(x,2) = k{(x,2)k,(x, z)
 k(x,2) = cky (x, 2) k(x,2) = F (ks (0, 2)f(2)
* k(x,z) = ki(x,2z) + ky(x,2) e« k(x,z) = elr(x2)

* k(x,z) = g(k1(X, Z)) e k(x, Z) = xTAz

1Given k4 and k, are well-defined kernels, ¢ = 0, g is a polynomial function with positive coefficients, A is p.s.d., f is any function.



Reproducing Kernel Hilbert Space

 We want to demonstrate that we can use kernels to define functions on X.
The space of these function is known as the RKHS.

* Givenf: R? > Rasin f(x) = fix; + [5X, + f3X1X,, we can represent fin
terms of its coefficients, f(:) = |f1 f> f ]77, and we can evaluate it at a

particular point f(x) = f(-To ) = (F(), ()}

* Provides a duality for ¢(x) where ¢(x) represents both a mapping from
R? - R3and R? = R. Can write ¢(x)=k(-, x) and ¢ (y)=k(:,y).

fC)=k(,x) = [x1 x; x1x2]T = ¢(x)
(fC), o) = k(- x), p(¥))gr = k(x,y)



Reproducing Kernel Hilbert Space (Cont.)

* The feature map of every point is in the feature space:
Vx € X,k(-,x) € H

)

* The reproducing property:
Vx € X,Vfe H,(f(:),k(,x)) = f(x)
k(x, ¥) = (k(, x), k(- ¥))g



Kernel Trick

FO) =) fii(0) 08
S [ m 06
= Z ;ajcbj(xj) TN
- Zaj¢<xj),¢<x)> =%
Jj=1 0
H
= 2 aik(x;, x) 0.2 ¢

Jj=1 -0.4




RKHS in Action

* Fourier series representation

fx) = i fee™* =

f=—00

* Top hat function

fO) =) 2fpcos(t),  f
£=0

e Jacobi theta kernel

Z fo(cos(€x) + isin(€x))

f=—00

. sin(£T)
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RKHS in Action
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Roughness Penalty

* Dot productin L,

(f' g)Lz

Z feli’x 2 gmelmx

f=—o00 m=—co
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* Roughness penalty for dot product in H
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Reproducing Property

* Given the following kernel representation: .

(00)

g(x) = k(x — Z) — 2 eii’xl’efe—iﬁz — 2 g\gewx

f=—00 f=—00

* Given a function f(-) € H:
(FO, ghae = (£, kG, D)o
feds




Takeaway

e Small RKHS norm — smooth functions

fr = arg}léig (Z(yi_<f:¢($i)>?-()2+AHfH%£)‘
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